From a view point of the moment map, we shall introduce the notion of Einstein-Hermitian generalized connections over a generalized Kähler manifold of symplectic type. We show that moduli spaces of Einstein-Hermitian generalized connections arise as the Kähler quotients. The deformation complex of Einstein-Hermitian generalized connections is an elliptic complex and it turns out that the smooth part of the moduli space is a finite dimensional Kähler manifold. The canonical line bundle over a generalized Kähler manifold of symplectic type has the canonical generalized connection and its curvature coincides with "the scalar curvature as the moment map" which is defined in the previous paper [Go5] . Kähler-Ricci solitons provide examples of Einstein-Hermitian generalized connections and Einstein Hermitian co-Higgs bundles are also discussed.
While the notion of the curvature of generalized connections has been expected, a precise formulation of the curvature satisfying the moment map framework has not yet appeared in the literature. In this paper, a d-closed non-degenerate, pure spinor ψ on M plays a central role to obtain the curvature of a generalized connection. For simplicity we mainly consider a d-closed non-degenerate, pure spinor ψ on M † which is given by the exponential e b+ √ −1ω , where ω is a real symplectic form and b is a d-closed real 2-form, that is,
A d-closed, nondegenerate, pure spinor ψ induces the generalized complex structure J ψ . A generalized Kähler structure of symplectic type is a generalized Kähler structure which is a pair of generalized complex structures (J , J ψ ), where J is an arbitrary generalized complex structure (see Section 2 for details). A vector field acts on the differential form ψ by the interior product and a differential form also acts on ψ by exterior product. Both actions of multi-vector fields and differential forms give the spin representation of the Clifford algebra. Then the spin representation together with the trivial action of End (E) yields the action of End (E) ⊗ ∧ • (T M ⊕ T * M ) on ψ. Then we define a curvature F A (ψ) of a generalized connection D A = D A + V to be an End (E)-valued differential form which is given by
Then it turns out that GM(E, h) hol is a complex submanifold of GM(E, h) which inherits the Kähler structure. Then we define the set of Einstein-Hermitian generalized connections GM(E, h) hol EH by
GM(E, h)
The moduli space of Einstein-Hermitian generalized connections GM(E, h) hol EH is defined to be the quotient of GM(E, h) hol EH by the action of the gauge group U (E, h), that is,
Then our main theorem is the following. In Section 2, we will give a brief review of generalized complex structures and generalized Kähler structures. In Section 3, the curvature F A (ψ) of a generalized connection D A of a vector bundle E on a symplectic manifold (M, ω) is introduced ‡ . The differential form trF A (ψ) is a representative of the first Chern class of the vector bundle E coupled with the class [ψ] . In Section 4, we explain that there is a unique generalized Hermitian connection associated with a generalized holomorphic structure which is called the canonical generalized connection. In Section 5, we discuss the canonical generalized connection of the canonical line bundle K J which is given by a generalized complex structure J over a generalized Kähler manifold of symplectic type (J , J ψ ). Then K J is a Hermitian line bundle which admits a generalized holomorphic structure. We show that that the curvature of the canonical generalized connection of K J coincides with "the scalar curvature as the moment map" which is shown in the previous paper [Go5] . We also show that a Kähler-Ricci soliton provides an Einstein-Hermitian generalized connection over a generalized Kähler manifold. In Section 6, we show that K A (ψ) constructed from the curvature F A (ψ) is the moment map µ and the moduli space GM(E, h) hol EH is constructed. In Section 7, we show that the deformation complex of Einstein-Hermitian generalized connections is an elliptic complex. In Section 8, we will discuss the Einstein-Hermitian condition of co-Higgs bundles.
2 Generalized complex structures and generalized Kähler structures 2.1 Generalized complex structures and nondegenerate, pure spinors Let M be a differentiable manifold of real dimension 2n. The bilinear form , T ⊕T * on the direct sum T M ⊕ T * M over a differentiable manifold M of dim= 2n is defined by v + ξ, u + η T ⊕T * = 1 2 (ξ(u) + η(v)) , u, v ∈ T M , ξ, η ∈ T * M .
Let SO(T M ⊕ T * M ) be the fibre bundle over M with fibre SO(2n, 2n) which is a subbundle of End(T M ⊕ T * M ) preserving the bilinear form , s An almost generalized complex structure J is a section of SO(T M ⊕ T * M ) satisfying J 2 = −id. Then as in the case of almost complex structures, an almost generalized complex structure J yields the eigenspace decomposition :
where u, v ∈ T M and ξ, η is T * M . If L J is involutive with respect to the Courant bracket, then J is a generalized complex structure, that is, [e 1 , e 2 ] co ∈ Γ(L J ) for any two elements e 1 = u + ξ, e 2 = v + η ∈ Γ(L J ). Let CL(T M ⊕ T * M ) be the Clifford algebra bundle which is a fibre bundle with fibre the Clifford algebra CL(2n, 2n) with respect to , T ⊕T * on M . Then a vector v acts on the space of differential forms ⊕ Then the canonical line bundle is the ordinary one which is generated by complex forms of type (n, 0). Thus we have Type J J = n.
Example 2.2. Let ω be a symplectic structure on M andω the isomorphism from T M to T * M given byω(v) := i v ω. We denote byω −1 the inverse map from T * M to T M . Then a generalized complex structure J ψ is given by the following
Then the canonical line bundle is given by the differential form ψ = e √ −1ω . Thus Type J ψ = 0.
Example 2.3 (b-field action). A d-closed 2-form b acts on a generalized complex structure by the adjoint action of Spin group e b which provides a generalized complex structure Ad
Example 2.4 (Poisson deformations). Let β be a holomorphic Poisson structure on a complex manifold. Then the adjoint action of Spin group e β gives deformations of new generalized complex structures by J βt := Ad β Re t J J . Then Type J βt x = n − 2 rank of β x at x ∈ M , which is called the Jumping phenomena of type number.
Let (M, J ) be a generalized complex manifold and L J the eigenspace of eigenvalue √ −1. Then we have the Lie algebroid complex
The Lie algebrid complex is the deformation complex of generalized complex structures. In fact, ε ∈ ∧ 2 L J gives deformed isotropic subbundle E ε := {e + [ε, e] | e ∈ L J }. Then E ε yields deformations of generalized complex structures if and only if ε satisfies Generalized Mauer-Cartan equation 
be a local basis of L J for an almost generalized complex structure J , where e i , e j T ⊕T * = δ i,j . The the almost generalized complex structure J is written as an element of Clifford algebra, i . An almost generalized complex structure J acts on differential forms by the Spin representation which gives the decomposition into eigenspaces:
where
Generalized Kähler structures
Definition 2.5. A generalized Kähler structure is a pair (J 1 , J 2 ) consisting of two commuting generalized complex structures J 1 , J 2 such thatĜ := −J 1 • J 2 = −J 2 • J 1 gives a positive definite symmetric form G := Ĝ , on T M ⊕ T * M , We call G a generalized metric. A generalized Kähler structure of symplectic type is a generalized Kähler structure (J 1 , J 2 ) such that J 2 is the generalized complex structure J ψ which is induced from a d-closed, nondegenerate, pure spinor ψ := e b+ √ −1ω .
Since J 1 and J 2 are commutative, we have the simultaneous eigenspace decomposition
SinceĜ 2 = +id, The generalized metricĜ also gives the eigenspace decomposition:
Example 2.6. Let X = (M, J, ω) be a Kähler manifold. Then the pair (J J , J ψ ) is a generalized Kähler where ψ = exp( √ −1ω).
Example 2.7. Let (J 1 , J 2 ) be a generalized Kähler structure. Then the action of b-fields gives a generalized Kähler structure (Ad e b J 1 , Ad e b J 2 ) for a d-closed 2-form b.
The stability theorem of generalized Kähler manifolds
It is known that the stability theorem of ordinary Kähler manifolds holds Theorem 2.8 (Kodaira-Spencer). Let X = (M, J) be a compact Kähler manifold and X t small deformations of X = X 0 as complex manifolds. Then X t inherits a Kähler structure.
The following stability theorem of generalized Kähler structures provides many interesting examples of generalized Kähler manifolds. Let M be a compact real manifold of dimension 2n and ω a real symplectic structure on M . We denote by ψ the exponential of b + √ −1ω, that is,
where b denotes a d-closed 2-form on M. Then ψ induces a generalized complex structure J ψ which gives a decomposition
T M ⊕T * M acts on differential forms by the spin representation which is given by the interior product and the exterior product of T M ⊕ T * M on differential forms. Then we have a decomposition of differential
is a complex line bundle generated by ψ and U −n+i J ψ is constructed by the spin action of
. Let E → M be a complex vector bundle of rank r over M and Γ(E) a set of smooth sections of
Let h be a Hermitian metric of E. A generalized Hermitian connection is a generalized connection
We denote by u(E, h)(:= u(E)) the set of skew-symmetric endomorphisms of E with respect to h. Then End (E) is decomposed as
where Herm(E, h) denotes the set of Hermitian endmorphisms of E. Let {U α } be an open covering of M which gives local trivializations of E. We take s α := (s α,1 , · · · , s α,r ) as a local unitary frame of E over U α . The set of transition functions is denoted by {g αβ }. Then given a connection D A is written as
Then it turns out thatA α := {A q p,α } is a connection form and V α := {V q p,α } gives a section of u(E) ⊗ T M In fact, by using local trivializations s α , given a generalized connection D A is written as
is globally defined as a differential operator, we have
Thus it follows that A α is a connection form of a connection D A and V α is a u(E)-valued vector field. As shown in the ordinary connections, a generalized connection D A is extended to an operatorΓ(End (E)) → Γ(End (E) ⊗ (T M ⊕ T * M )) by the following:
Then the extended operator D A is also written as follows in terms of
Each e i ∈ T M ⊕ T * M acts on ψ which is denoted by e i · ψ ∈ U −n+1 and then each element ξ ⊗ e i of End (E) ⊗ (T M ⊕ T * M ) acts on ψ denoted by ξ ⊗ (e i · ψ). Then the action on ψ gives the map
and a generalized connection D A . Thus an operator d DA is defined by
We also extend d DA to be an operator
by setting :
, where a i ∈ End (E) and e i ∈ T M ⊕ T * M . Then the extended operator d DA is written in the following form:
By using the local trivialization and the decomposition A α = A α +V α , the operator d DA is described as the following:
where [ · ] is the product of End (E) ⊗ CL which is defined as
Note that our new product [ · ] is the combinations of the bracket of Lie algebra End (E) and the Clifford multiplications of Clifford algebra CL gives , so that is,
Curvature of generalized connections
Let D A be a generalized Hermitian connection of a Hermitian vector bundle (E, h) over a manifold M which consists an ordinary Hermitian connection D A and a section V ∈ Γ(u(E)⊗T M ). Then the ordinary curvature F A is a section End (E) valued 2-from which acts on ψ by the spin representation to obtain
). The ordinary connection is extended to be an operator as before
Then we have a definition of curvature of generalized connection D A :
operator. In fact, we have
Then for s ∈ Γ(E), we have
is not a tensor but a differential operator.
We denote by π U −n the projection from End (E)
The line bundle U −n becomes the trivial complex line bundle by using the basis ψ ∈ U −n . Then
End (E) ⊗ C U −n is identified with End (E). Then it follows from (3.1) that we have
We define π Herm to be the projection to the component Herm(E, h) and we denote by π
Hermitian if D A satisfies the following: 
where λ is a real constant. The projection π U −n of F A is given by
2 ω , we have
Thus under the identification U −n ∼ = Cψ, we have
The unitary gauge group U (E, h) acts on F A (ψ) by the adjoint action. Thus the Einstein-Hermitian condition is invariant under the action of the unitary gauge group. Further our Einstein-Hermitian condition behaves nicely for the action of b-fields. A real d-closed 2-form b acts on ψ by e b · ψ which is also a d-closed, nondegenerate, pure, spinor. 
and its curvature is given by
Then we have
(3.14)
Applying Ad
Thus our Einstein-Hermitian condition is equivalent under the action of b-field. 
Since e b ψ, e b ψ s = ψ, ψ s , we have
Thus the result follows.
The first Chern class of E and trF A (ψ)
Theorem 3.8.
Proof. As in Definition 3.1, trF A (ψ) is given by
We have tr[V · V ] · ψ = 0. By using local trivializations of E, we have
Since trV · ψ is a globally defined form on M, we have
Proposition 3.9. Let D A be a generalized Einstein-Hermitian connection which satisfies π Herm U −n F A (ψ) = λid E . Then λ is given in terms of the first Chern class c 1 (E) of E and the class [φ] by
Proof. It follows from Theorem 3.8 that we have
where λ ∈ R and ξ ∈ u(E). Then we have
We have
Since ξ ∈ u(E), trξ is pure imaginary. Thus we have the result.
Generalized holomorphic vector bundles
Let E be a complex vector bundle over a generalized complex manifold (M, J ). A generalized holomorphic structure of E is a differential operator
A complex vector bundle with a generalized holomorphic structure is called as a generalized holomorphic vector bundle [Gu1] . Then a generalized holomorphic structure ∂ J is extended to be an operator
Then we obtain an elliptic complex which is the Lie algebroid complex.
We denote by
• is the deformation complex of generalized holomorphic structures on E.
The canonical generalized connection
Let (E, h) be a Hermitian vector bundle over a generalized complex manifold (M, J ). We assume that E admits a generalized holomorphic structure ∂ J . Then there is a unique generalized Hermitian connection D A such that
where Let J be a generalized complex structure on a manifold M which gives the decomposition
Then the canonical line bundle K J of J is defined as U −n . A section of K J = U −n is a smooth differential form which is a nondegenerate, pure spinor. By using the action of L J on U −n J given by spin representation , we have an identification U
is a generalized holomorphic structure on K J . The canonical line bundle K J of J admits trivializations {φ α } and transition functions e κ αβ relative to a cover {U α }, where φ α is a nondegenerate, pure spinor on U α which induces the almost generalized complex structure J . Then the exterior derivative dφ α is given by
where η α denotes a real section of T M ⊕ T * M . Since η α are real, they are uniquely determined. Since Then we define A α by
Then it is shown in [Go5] that 
Then F A (ψ) = (P + √ −1Q) · ψ, where −P coincides with the generalized Ricci curvature of a generalized Kähler manifold (J , ψ) in the paper" scalar curvature as moment map" [Go5] . Proof. The result follows from Proposition 5.2
Einstein-Hermitian condition on generalized connections of line bundles and Kähler Ricci-solitons over ordinary Kähler manifolds
Let L be a Hermitian line bundle with a Hermitian metric h over a Kähler manifold (M, J, ω). We denote by J J the generalized complex structure induced from the ordinary complex structure J. Let D Note that we take a b-field to be cω, where c is a real constant. Then (J J , ψ) gives a generalized Kähler structure (J J , J ψ ) as before. 
where Λ ω denotes the contraction by Kähler form ω.
Proof. Let 
The projection π U −n ψ is given by
Since Herm(L, h) is identified with the real part, the projection to Herm(L, h) is given by
Hence the Einstein-Hermitian condition π Herm U −n F A (ψ) = λid is given by 
where F A is given by the Ricci form Ricc ω . Let (E, h) be a Hermitian vector bundle over M with a Hermitian metric h. Then we define the followings:
Since v is a real holomorphic and ∂
GM(E, h) :={D A : generalized Hermitian connection of (E, h)} (6.1)
M(E, h) :={D
A : Hermitian connection of (E, h)} (6.2)
The Lie algebra of the unitary gauge group U (E, h) is denoted by u(E) which is given by
The space of Hermitian connections M(E, h) is an affine space whose model is the vector space of sections Γ(u(E) ⊗ T * M ). The space of generalized Hermitian connections GM(E, h) is regarded as the cotangent bundle of M(E, h) and GM(E, h) is also an affine space whose model is the vector space of sections Γ(u(E) ⊗ (T M ⊕ T * M )). The gauge group U (E, h) acts on both GM(E, h) and M(E, h).
) and then each tangent is denoted bẏ
J(ξ ⊗ e) = ξ ⊗ J e, for ξ ∈ u(E) and e ∈ T M ⊕ T * M. Then a complex structure J GM on the tangent space T A GM(E, h) is given by the action of J
Then it turns out that J GM is a complex structure on the affine space GM(E, h). We define a symmetric point-wise coupling tr ,
Then a global coupling tr , M is given by the integration over M
The another generalized complex structure J ψ also acts on
We also have a Riemannian metric g GM on GM by
(Note that this is the ordinary Kähler manifold, yet GM(E, h) is an infinite dimensional manifold. We can introduce a Sobolev norm to make GM(E, h) a Banach or Hilbert manifold. Since this is the standard method in the gauge theory and we do not mention about the completion of GM(E, h) in this paper.) In fact, since GM(E, h) is an affine space, there exists a flat-torsion free connection and J GM and ω GM and g GM are parallel. Thus ω GM is closed and it implies that (J GM , ω GM ) is a Kähler structure on the infinite dimensional affine space GM(E, h). Then the gauge group G(E, h) acts on GM(E, h) preserving the Kähler structure (J GM , ω GM ). Let D A be a generalized connection of E and F A (ψ) the curvature defined as in Definition 3.1. We also define F A (ψ) by
Then we have Proposition 6.1. Let µ : GM(E, h) → u(E) * be the moment map on GM(E, h) for the action of U (E, h). Then the moment map µ is given by
where µ(A) ∈ u(E) * denotes the value of µ at a generalized connection D A ∈ GM(E, h) and the coupling µ(A) and ξ ∈ u(E) is denoted by µ(A), ξ and Im is the imaginary part of i −n tr ξψ, F A (ψ) s .
We need several Lemmas and Propositions for proof of Proposition 6.1. Our proof of Proposition 6.1 is given after Lemma 6.8.
Proof. We will calculate both sides by using local trivialization of E over U α as in Section 3. It follows from dσ = −σd that we have
Thus we have
Since e i · ψ, e j · ψ s = − ψ, e i · e j · ψ s , using a local basis
Hence we obtain
Lemma 6.3.
where Re i −n e i · ψ, e j · ψ s denotes the real part of i −n e i · ψ, e j · ψ s .
Proof.
We have e i · ψ, e j · ψ s = − e j · e i · ψ, ψ s . Then applying e i · e j + e j · e i = −2 e i , e j T ⊕T * , we have 2 e i , e j T ⊕T * vol M = − i −n (e i · e j + e j · e i ) · ψ, ψ s (6.11) =i −n e i · ψ, e j · ψ s + i −n e j · ψ, e i · ψ s (6.12) (6.13)
Hence we have e i , e j T ⊕T * vol M = Re i −n e i · ψ, e j · ψ s .
We also have
where Im i −n e i · ψ, e j · ψ s denotes the imaginary part of i −n e i · ψ, e j · ψ s .
Proof. Applying Lemma 6.3, we have
By using J ψ , e i is decomposed into e 
Lemma 6.5. Let D A be a generalized Hermitian connection. Then the symplectic structure ω GM at the tangent space T D A GM(E, h) as before is given by
Proof. As in (6.4), the symplectic structure ω GM on GM(E, h) is defined by
. By using a local real basis {e i } of T M ⊕ T * M , we havė A 1 = iȦ 1,i e i andȦ 2 = jȦ 2,j e j . From Lemma 6.4, we have
Then the symplectic structure ω GM is given by
From Lemma 6.2 and Stokes' theorem, we have 
Proof. We shall calculate both sides in terms of local trivializations of E of {U α } which are given by a unitary basis as before. The ordinary covariant derivative d A gives
Proposition 6.7. Let F A (ψ) be as in Definition 3.1
Let D At be one parameter family of generalized Hermitian connection andȦ the derivative of D At at
At | t=0 . Then we have the following
Proof. It follow from Lemma 6.6 that we have
, where e i , e j ∈ T M ⊕ T * M and V i , A j ∈ u(E). Thus we have
where [V i ,Ȧ j ] ∈ u(E) and , e i , e j T ⊕T * is a real function. Thus it follows
is real and i n ψ, ψ s is real also, thus we have
Then the result follows.
Then we have Lemma 6.8. Let µ(A) ∈ u(E) * be a value of the moment map µ at a generalized Hermitian connection
Proof. We define a one-parameter family (A)(a) . From the definition of the moment map µ, we have
From Lemma 6.5, we have
It follows from Proposition 6.7 that we have
Proof of Proposition 6.1. It follows from Lemmas 6.2, Lemma 6.5 and Lemma 6.8 that we have
Thus we obtain the result.
We consider the coupling between u(E) and Herm(E, h) by
for ξ 1 ∈ u(E) and √ −1ξ 2 ∈ Herm(E, h). Since the coupling is perfect, it gives an identification u(E) * with Herm(E, h). Then we have Proposition 6.9. Under the identification u(E) * with Herm(E, h) as before, the moment map µ is given by
Proof of Proposition 6.9. Let (ξ 1 + √ −1ξ 2 ) · ψ be an element of End (E) ⊗ U −n , where ξ 1 , ξ 2 ∈ u(E).
Since ξ ∈ u(E) and i −n ψ, ψ s is real and tr(ξξ i ) are also real for i = 1, 2, we have
Thus under the identification u(E) * ∼ = Herm(E, h) by the coupling Im tr , s , the moment map µ is given
Proposition 6.10. Let λ be a real constant which is determined in terms of the 1-st Chern class of E and the class [ψ] as in the Einstein-Hermitian condition. Then the quotient of the set of generalized connections satisfying the Einstein-Hermitian condition divided by the action of the unitary gauge group U (E, h) is the Kähler quotient µ −1 (λid E )/U (E, h).
Proof. The result immediately follows from Proposition 6.1 and Proposition 6.9.
By the decomposition (T
Then a generalized connection is also decomposed into
is generalized holomorphic vector bundle.
Definition 6.11. We define GM(E, h) hol to be a subset of GM(E, h) consisting of D A such that
Remark 6.12. This is an analogue of the notion of Hermitian connections associated with holomorphic vector bundles which are defined by
hol is a complex submanifold of GM(E, h) which inherits the Kähler structure.
is invariant under the action of J GM . Then the result follows.
The unitary gauge group U (E, h) also preserves the Kähler structure on GM(E, h) hol .
Theorem 6.14. The moment map of GM(E, h) hol is given by the restriction of the map µ as in Proposition 6.1 to the GM(E, h) hol Proof. The result follows from Proposition 6.13.
We define the set of Einstein-Hermitian generalized connections GM(E, h)
The moduli space of Einstein-Hermitian generalized connections GM(E, h) hol EH is defined to be the quotient of GM(E, h) hol EH by the action of the gauge group U (E, h), that is, 
C is given by ξ ⊗ e = ξ ⊗ e 1,0 + ξ ⊗ e 0,1 , where
where ξ * denotes the adjoint of ξ ∈ End (E) with respect to h. Then the B 1 is given by the real part of B 1 C which is the skew-Hermitian part of
Under the identification B 1 with End (E) ⊗ L J , the operator ∂
. Then by using
We can construct a slice of GM(E, h)
hol EH for the action of U (E, h) which becomes coordinates of the smooth part of the moduli space. This is the standard construction of Kuranishi space. In fact, as shown in next section, deformations of Einstein-Hermitian generalized connections are controlled by an elliptic complex.
where π Herm U −n denotes the projection to Herm(E, h) as in Section 3.2. We define B 2 prim to be the sum Herm(E, h)
prim which is given by
We also define B i be End (E) ⊗ ∧ i L J for i ≥ 3. Then we have the following complex B • : where ξ ∈ u(E) x and ζ ∈ Herm(E, h) x , and ξ 2 , ξ i (i ≥ 3) ∈ End (E) x . The symbol complex is clearly exact at B 0 and B i (i ≥ 3). To see that it is exact at B 1 , we assume that σ(K ⊕ ∂ 
